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Linear Parametric Models Applied
to Daily Hydrological Series

Salvatore Grimaldi1

Abstract: The aim of this paper is to describe, and solve in same cases, the problems that arise in hydrological daily time series
modeling developed via linear parametric models. The preliminary analysis, the identification, and the simulation steps of the standard
procedure are thoroughly studied. The effects of Box and Cox transformation are commented on, a procedure to smooth the seasonal
component is described, and a new technique for the initial parameter estimation of fractional models is introduced and tested. The revised
procedure was applied to the time series of Tevere daily flows.

DOI: 10.1061/!ASCE"1084-0699!2004"9:5!383"

CE Database subject headings: Time series analysis; Simulation models; Auto-regressive moving-average model; Seasonal
variation; Hydrological models.

Introduction

To analyze hydrological processes, the use of statistical tools is
needed. In fact, the complexity of hydrological phenomena does
not allow us to develop deterministic forecast or management
systems. Therefore, an approach that overlooks the physics of the
problem and only uses the observed data information is helpful.
In this perspective, the time series parametric modeling has

had, and still has, an important role in hydrological analysis. The
possibility to identify the dynamic component of a signal fostered
the development of simulation and forecast procedures.
In the water resources management, there are different appli-

cations based on the use of scenarios similar to the real one ob-
tained by generating synthetic series.
In the last years, interesting results were obtained by the use of

the simple linear parametric models !LPMs" applied with annual
or monthly aggregation scales. Here by LPM we mean all the
family of linear models that, starting from the Box and Jenkins
!1976" definition, is increased with the creation of many model
subtypes. In fact, from the simple autoregressive moving-average
model !ARIMA" model we obtained !periodic autoregressive
moving-average", Seasonal ARMA, fractional ARMA !FARMA",
seasonal fractional ARIMA, contemporaneous ARMA, space–
time ARMA", etc. #for a description of these models see Hipel
and McLoad !1994" and Montanari et al. 2000$, that in any case
are linear models and they roughly follow a common procedure to
be built.
Perhaps, by extending the modeling to series with daily aggre-

gation scale, potential applications concerning the water resources
management will be more widespread and useful. The daily series
not only gives the desired information with more details, but sta-

tistically it also makes more numerous samples available, provid-
ing a more consistent parameter estimation of the identified
model. However this type of series shows that the problem has
larger variability that makes it difficult to conform to the stochas-
tic processes basic hypotheses.
Consequently, the traditional procedure, developed above all

for hydrological applications with annual and monthly series, has
to be modified in order to be related to model daily series.
The aim of this paper is to study the methodological problems

present in the analysis of hydrological daily series and to suggest
some improvements. In the following paragraphs, every standard
procedure step is synthetically described highlighting the prob-
lems to solve.
From the main references about this topic !Box and Jenkins

1976; Brockwell and Davis 1987; Piccolo 1990a; Salas 1993;
Bras and Rodriguez-Iturbe 1994; Hipel and McLoad 1994" it is
possible to resume the LPM modeling standard procedure in the
following steps called: ‘‘Preliminary Analysis, Identification, Es-
timation, Verification, Optimal Model Chosen.’’
The ‘‘Preliminary Analysis’’ is the step by which the analyst

usually checks that the basic conditions are followed. In fact, in
order to apply a LPM, the series has to be schematized as sto-
chastic processes. The main hypotheses of these processes are the
Gaussian distribution and the stationarity condition. Usually, the
observed series are not exactly Gaussian or stationary; therefore
to overcome the eventual distortions in the procedure some trans-
formations are suggested. As for the distribution, the Box and
Cox !1964" formulas were largely described and recommended.
Regarding the stationarity, the attention is focused mainly on the
seasonal behavior of the subannual series. In the literature, some
different approaches to rise above this problem were introduced
!Kottegoda 1980; Hipel and McLeod 1994".
During the ‘‘Identification’’ step, the preliminary parameter es-

timation of the hypothesized model configurations is made. For a
very simple configuration, this step could be neglected because
the improved estimation techniques no longer need the initial val-
ues. For more complex configuration and for particular models,
like the fractional models, this step remains important. Moreover,
during the identification step, some procedures to verify whether
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simple empirical proof is provided showing the results of a case
study !Grimaldi 2001". Fig. 3 shows a comparison between the
density line of the observed and synthetic series !obtained by the
‘‘optimal model’’" in two different cases. Fig. 3!a" shows a com-
parison when the modeled series was deseasonalized of the only
mean periodic component, while Fig. 3!b" shows a comparison
when both components were removed. The significant improve-
ment confirms the necessity of removing the variance component
as well.

Fractional Mixed Models: New Initial Estimation
Method

As described in ‘‘Introduction,’’ the daily series could show dif-
ferent correlation structures from the one usually verified on the
annual or monthly series. Sometimes it was verified that only the
fractional LPM models are allowed to develop application with
discharge daily series !Montanari et al. 1997". A fractional MPL
model, Xt#FARIMA(p ,d ,q), stationary and invertible, is a pro-
cess characterized by the formula

$!B "%dXt!&!B "at (10)

where B!backward shift operator: BkXt!Xt"k ; $(B)
!polynomial: 1"$1B"$2B2" . . ."$pBp; &(B)!polynomial:
1"&1B"&2B2" . . ."&pBp; %d!nabla operator: (1"B)d with
"0.5#d#0.5 and d!H"0.5; H!Hurst exponent; and
at!residual random series, called white noise 'WN(0,(2)). For a
complete description of these models see Hipel and McLeod
!1994".
The procedure to build this type of model !see Montanari et al.

1997", appears quite complex in the identification step to define
the initial parameter values. It is possible to synthesize this in the
following steps:
1. ‘‘Long memory’’ identification: Hurst parameter estimation

with the application of some empirical methods;
2. d mean value definition;
3. Filtering of the analyzed series with the defined d value: Y t

!(1"B)dXt ; and
4. Model estimation on Y t with the traditional ‘‘short memory’’

model technique.
In this way the initial parameter values of AR, MA, and d com-
ponents are available.
This approach allows us to have a full comprehensive analysis

of the modeled series, but it is difficult to use in the case of
automatic procedure for many series. In fact the main methods for
the initial Hurst parameter estimation are graphic techniques
where besides supplying approximated values, they also need a
visual analysis of the results. Moreover, this approach is based on
the hypothesis that by varying the attempted configuration, the d
parameter value is constant. On the contrary it is possible to see
!in the literature and in the next section" that the d value is dif-
ferent when coupled with different ‘‘short memory’’ terms. For
that reason it is deemed useful to introduce, describe, and test a
new initial estimate procedure proposed by Corduas !2000".
This method is based on a feature highlighted when comparing

the correlation structure of ‘‘short’’ and ‘‘long’’ memory pro-
cesses. The traditional model, although not capable of fully de-
scribing the dynamic of a simple fractional process, can provide a
good approximation of this !Lawrance and Kottegoda 1977;
Hosking 1984; Tiao and Tsay 1994".
Empirically, it is possible to confirm this ‘‘similarity.’’ In fact,

for instance, considering the configurations FARIMA!1,0.35,0"
with $!0.5 and ARMA!2,1" with $1!1.741, $2!"0.746, and
&1!0.944, the autocorrelation functions and the spectral densities
of the processes appear similar !see Corduas 2000 and Grimaldi
2001".
Moreover, Tiao and Tsay !1994" to emphasize this ‘‘similar-

ity,’’ let us consider the contribution of Lee !1991", where it is
proven that the ARMA!1,1" model parameters are consistent for
an adaptive procedure estimate aimed at forecasting a series ob-
tained by a FARMA(0,d ,0) process.
Assuming that ARMA!1,1" and FARMA!0,d,0" are ‘‘similar’’

models, it is possible to extend this ‘‘similarity’’ to more general
models, claiming that the FARMA(p ,d ,q) is similar to an
ARMA(p$1,q$1). In fact if we assume that the fractional dif-
ferencing

%dzt*wt!!1" &̃B "/!1"$̃B "Y t (11)

is similar to an ARMA!1,1" model, the general fractional mixed
model formula Eq. !10" will be similar to the following formula:

$!B "!1" &̃B "/!1"$̃B "Y t!&!B "at (12)

which is an ARMA(p$1,q$1).

Fig. 3. Comparison between density line of observed and synthetic
series in two different cases: !a" comparison when analyzed series
was deseasonalized of only mean periodic component and !b" com-
parison when both components were removed; dashed lines of repre-
sent simulated series
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!"
2!#n"1 $"1%

i!1

n

&X"#365#i"1 $
" "'"(

2 (3)

where n!number of years considered in the series.
Substituting the values attained in Eq. #3$ into Eq. #2$, '" and

!" , the desired deseasonalization is obtained.
Contrarily to the monthly series, this method applied on daily

series shows some problems due to the excessive variability. In
fact, considering the Tevere series, observed from 1930 to 1983, it
can be noted that the two periodic components #see Figs. 1 and 2$
are so variable that they are not physically and statistically ac-
ceptable.
In order to overcome this problem a smoothing method for the

seasonal component is needed. In Grimaldi #2001$ the compari-
son among some different approaches suggests using the tech-
nique called the seasonal trend decomposition based on loess
#STL modified$ method.
This technique is derived from the STL method #see Cleveland

et al. 1990$ and can be described with following steps:
1. Estimation of the mean periodic ' t obtained applying Eq.

#3$.

2. Definition of series Y t
" by the formula

Yt
"!Xt

""'"* (4)
where '"*!'""E&'"(, with E&'"(expected values of '"

3. Definition of series ut
" by the formula

ut
"!!Yt

"!/f)!Yt
"! (5)

where )!Y t
"! represents the absolute value median of the

series Y t
" ; and where f!coefficient equal to 6 for the mean

periodic component. For variance periodic component esti-
mation, the analyses developed in Grimaldi #2001$ have sug-
gested using f!36.

4. Estimation of weights kt
" with the bisquare function

kt
"!#1"ut

"2$2 for ut
"$1

#6$
kt

"!0 for ut
"*1

5. Estimation of the mean m"* of observations measured in the
day " of every year weighted with the obtained kt

" values

m"*!%
i!1

n

X"#365#i"1 $
" k"#365#i"1 $

" " %
i!1

n

k"#365#i"1 $
" (7)

The same method can be used to estimate the weighted vari-
ance n"

2

n"*2!%
i!1

n

&X"#365#i"1 $
" k"#365#i"1 $

" "m"*(2" %
i!1

n

k"#365#i"1 $
" "1

(8)

but in this case f!36 is needed in estimating weights kt
" .

Finally, estimation of the periodic component m"n"
2 interpolat-

ing the m"* and n"*2 series by means of the interpolator called
loess #Cleveland and Devlin 1988$. This method will be described
for the case of the mean component, but it is the same as the
variance component. Once the window interpolation q #in days$ is
fixed and indicated with j, 1$ j$365, a certain day of the year, a
weighted function is applied to the q series m"* values that are
close to day j. This weight function is expressed by

+ j#i $!&1"#,q#i $/,q#j $$3(3 (9)

where ,q(i) with i!1 . . . q represents the number of days be-
tween the value i and the day j; and ,q( j) represents the maxi-
mum value of ,q(i). With this function one gives bigger weight
to the m"* values closer to j, giving nil weight for the observation
i% j . The mj periodic component values are obtained estimating a
polynomial of degree d on the q observations. The polynomial
parameters are estimated with a least-square regression and d
!1 are used.
In order to reduce the effects of the eventual outlier in the

series it is possible to increase the robustness of this method. In
fact repeating the procedure several times, substituting the '" of
the step 1 with the m" obtained at step 6, the influence of the
extreme values is neglected. In Grimaldi #2001$ it was observed
that more than one robustness cycle can yield an incorrect esti-
mate because the presence of observations that are not outliers but
simple extreme values can be neglected.
Figs. 1 and 2 show the results of the STL Modified procedure

on the Tevere seasonal components. The new components appear
more adequate for the modeling.
Regarding the deseasonalization problem, the final observation

is that the variance periodic component is usually meaningful for
the daily series. Therefore contrarily to the monthly series it is
always necessary to remove both components in the daily case. A

Fig. 1. Mean periodic components estimated by classical method
and by seasonal trend decomposition based on loess modified method
#dashed line$ with smoothing window!30

Fig. 2. Variance periodic components estimated by classical method
and by seasonal trend decomposition based on loess modified method
#dashed line$ with smoothing window!30
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close to day j. This weight function is expressed by

+ j#i $!&1"#,q#i $/,q#j $$3(3 (9)

where ,q(i) with i!1 . . . q represents the number of days be-
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polynomial of degree d on the q observations. The polynomial
parameters are estimated with a least-square regression and d
!1 are used.
In order to reduce the effects of the eventual outlier in the

series it is possible to increase the robustness of this method. In
fact repeating the procedure several times, substituting the '" of
the step 1 with the m" obtained at step 6, the influence of the
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that more than one robustness cycle can yield an incorrect esti-
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simple extreme values can be neglected.
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on the Tevere seasonal components. The new components appear
more adequate for the modeling.
Regarding the deseasonalization problem, the final observation

is that the variance periodic component is usually meaningful for
the daily series. Therefore contrarily to the monthly series it is
always necessary to remove both components in the daily case. A

Fig. 1. Mean periodic components estimated by classical method
and by seasonal trend decomposition based on loess modified method
#dashed line$ with smoothing window!30

Fig. 2. Variance periodic components estimated by classical method
and by seasonal trend decomposition based on loess modified method
#dashed line$ with smoothing window!30
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Therefore the basic idea of the proposed initial value param-
eter estimate is to determine the fractional mixed model
FARMA(p ,d ,q) parameters conditioning that have to be the most
similar to the parameter values of the ARMA(p!1,q!1) related
model.
In order to develop this conditioning an index, related to the

parameters that quantifies this similarity, is needed. This index
derives from the notion of metric among LPMs !Piccolo 1990b".
Given two processes Xt and Y t , and the related weight series of
the autoregressive infinity representation #$ jx%and #$ jy%, the dis-
tance index is defined by the formula

d!Xt ,Y t""!&
j"1

'

!$ jx#$ jy"
2 (13)

For instance, in order to estimate the initial parameter values
of FARMA(1,d ,2), an ARMA!2,3" should be defined and then
formula !13" should be minimized using the infinity representa-
tion of the FARMA(1,d ,2) defined as function of the model pa-
rameters.
Generally it’s possible to synthesize the procedure in the fol-

lowing four steps:
1. Evaluation of the ARMA model with order (p!1,q!1);
2. Definition of the autoregressive infinity representation of the

estimated ARMA model;
3. Definition of the autoregressive infinity representation of the

desired FARMA(p ,d ,q) model expressed relating to the d, (
and ) parameters; and

4. Estimation of the d, (, and ) parameters that minimize for-
mula !13"

The autoregressive infinity representation of an ARMA(p ,q)
model is obtained developing the polynomial equivalence be-
tween )(B)#1((B)zt"at and the autoregressive configuration
$(B)zt"at . From this, the following recursive formula is ob-
tained:

$ j"( j!&
k"1

q

)k$ j#k (14)

where the ( j parameters exist only for 1$ j$p .

The autoregressive infinity representation of a FARMA(p ,q)
model is similar to the ARMA representation. The difference is
the polynomial derived from the fractional differencing parameter
*see formula !10"+ obtained by the formula

$k
f"&

k"0

'

,!d!1 "/!,!k!1 ",!d#k!1 ""!#1 "k (15)

Multiplying formula !14" by !15" the FARMA autoregressive in-
finity representation is defined.
In order to verify and to provide further tests on this technique,

the proposed procedure is applied on some synthetic series with
known parameters.
Using the routine arima.fracdiff.sim, present in the S-Plus soft-

ware, sets of 100 series of 10,000 Gaussian data were generated.
In particular three set groups were generated: one with a

simple fractional process FARIMA(0,d ,0) and the others with
fractional process mixed with short memory term FARMA(1,d ,0)
and FARMA(0,d ,1). Every group contains some sets obtained
varying the parameter values. For the FARMA(0,d ,0) four differ-
ent d values are considered !0.1, 0.2, 0.3, and 0.4". For the
FARMA(1,d ,0) and FARMA(0,d ,1)d is fixed !"0.35" while (
and ) parameters vary six times !#0.8,#0.5,#0.3,0.3,0.5,0.8".
Therefore the procedure was applied on the described syn-

thetic series. Tables 1, 2, and 3 show the mean values and the
standard deviation obtained on 100 series.
These results confirm the tests obtained by Corduas !2000".

They seem to show that this approach could have problems with
configurations like FARIMA(0,d ,1) with high values of the mov-

Fig. 4. Tevere mean daily discharge series observed from 1930 to
1944

Table 1. Application of Proposed Initial Parameter Estimation
Technique on Fractional Autoregressive Moving-Average (0,d ,0)
Gaussian Synthetic Series

d Mean ( d̄) Standard deviation ( d̄)

0.1 0.094 0.010
0.2 0.193 0.009
0.3 0.290 0.011
0.4 0.380 0.010

Table 2. Application of Proposed Initial Parameter Estimation
Technique on Fractional Autoregressive Moving-Average
!1,0.35,0" Gaussian Synthetic Series

Mean ( d̄) Standard ( d̄) ( Mean ((̄) Standard ((̄)

0.365 0.011 #0.8 #0.82 0.011
0.346 0.014 #0.5 #0.507 0.014
0.332 0.012 #0.3 #0.282 0.012
0.364 0.03 0.3 0.283 0.030
0.593 0.144 0.5 0.283 0.144
0.378 0.045 0.8 0.778 0.050

Table 3. Application of Proposed Initial Parameter Estimation
Technique on Fractional Autoregressive Moving Average
!0,0.35,1" Gaussian Synthetic Series

Mean ( d̄) Standard ( d̄) ) Mean (-̄) Standard (-̄)

0.285 0.014 #0.8 #0.818 0.006
0.297 0.014 #0.5 #0.536 0.012
0.307 0.017 #0.3 #0.339 0.016
0.356 0.026 0.3 0.311 0.029
0.367 0.037 0.5 0.52 0.037

#0.006 0.016 0.8 0.43 0.016
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latter suggested generating a new innovation series by simply
permuting the innovations obtained from the model. In this way
we have n random series with the same exact distribution on the
innovation series. This method is obviously applicable only to
long series, like daily series.
Figs. 8, 9, and 10, respectively, show an example of simulated

series and the comparison of the ACF and the density functions
between this series and the observed one.
Interestingly, Fig. 11 highlights an example of a simulated

series obtained by modeling the observed series without using the
logarithmic transformation in the preliminary analysis. The opti-
mal model found, also in this case the FARMA(0,d ,2), notwith-
standing show good agreement concerning the ACF and the den-
sity line, provides negative values.
The last analysis developed in this series is resumed in Table

6. The standard ‘‘short memory models were estimated. These
results confirm that the fractional models are needed with this
type of series.

Conclusion

In this paper the problems in the daily hydrological series mod-
eling were highlighted. The bigger variability here, in the daily

series, lead to the introduction of some adjustments to the stan-
dard procedure to build the linear parametric models.
In detail, in the preliminary analysis step and in the identifica-

tion step some comments and some new procedures were de-
scribed.
Some observations on the Box and Cox !1964" transformation

were illustrated and a new procedure to smooth seasonal compo-
nents is introduced. Regarding the identification step, a new
method to estimate the initial parameter values of the fractional
linear parametric model is explained and tested.
It is possible to resume some conclusions about the daily se-

ries modeling procedure in a few points:
1. Empirically it is shown that it seems reasonable to try to

model daily series without the Box and Cox transformation
and in negative case, to use the logarithmic transformation;

2. A smoothing on the seasonal components is needed;
3. It is necessary to remove both seasonal components !mean

and variance"; and
4. It can be useful to use a new method for the preliminary

parameter estimation of the fractional mixed models.
The application to the Tevere daily discharge series shows en-
couraging results not only for the new procedures described in
‘‘Preliminary Analysis’’ and ‘‘Fractional Mixed Models: New Ini-
tial Estimation Method’’ but also for the practical applicability of
the linear parametric models on daily hydrological series.
However, some further aspects have to be improved. About the

procedure, in order to determine more than an empirical conclu-
sion, a deeper analysis on the preliminary transformation role has
to be performed. As for the possible hydrological applications,
since the daily scale could probably show some series with nil
values !for instance rainfall daily series and discharge daily series
relating to little basins" some correction procedures have to be
introduced. This is the object of the current work.
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Autoregressive moving-average
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Abstract. The aim of this paper is to test the Multivari-
ate Linear Parametric Models applied to daily rainfall series.
These simple models allow to generate synthetic series pre-
serving both the time correlation (autocorrelation) and the
space correlation (crosscorrelation). To have synthetic daily
series, in such a way realistic and usable, it is necessary
the application of a corrective procedure, removing negative
values and enforcing the no-rain probability. The following
study compares some linear models each other and points out
the roles of autoregressive (AR) and moving average (MA)
components as well as parameter orders and mixed parame-
ters.

1 Introduction

Daily synthetic series are used in several hydrological appli-
cations. In many cases the univariate analysis is not enough,
since rainfall series are affected by strong space correla-
tion and a weak time correlation as well. Therefore in a
rainfall-scenario simulation the multivariate approach is nec-
essary. In this paper, Multivariate Linear Parametric Models
(MLPM) are applied as an extension of the well known Lin-
ear Parametric Models (LPM) (Grimaldi, 2004).
Rainfall series are particularly difficult to model with a

LPM. Usually they are not perfectly linear, non-Gaussian,
and present weak seasonality and a high percentage of zero
values (no-rain days). Despite those limits, simulations ob-
tained with LPM preserve the main statistical characteristics
of the observed series (Grimaldi et al., 2004). The main prob-
lem is the presence of negative values in the synthetic series,
an obvious consequence of stochastic nature of these pro-
cesses that cannot reproduce a sequence of zero-values. In
order to overcome this limit we referred to the corrective pro-
cedure, already applied in Grimaldi et al. (2004), on 20 daily
rainfall series.

Correspondence to: S. Grimaldi
(salvatore.grimaldi@irpi.cnr.it)

Here follows comparisons among MLPMs. The purpose
is to point out differences among simple and widely used
first-order Vector Autoregressive models, optimal-order Vec-
tor Autoregressive models and general Vector Autoregressive
Moving Average models described in Sect. 2. The present
case study, Sect. 3, also examines the possibility to reduce
the number of the parameters in the modelling.

2 Multivariate linear parametric models

A multivariate stochastic process can be described by vari-
ables characterized by the autocorrelation, in time domain,
and the crosscorrelation in the space-time domain. As in the
univariate case, these correlations can be expressed by means
of parameter linear combinations. The general class of
multivariate linear parametric model is called VARMA(p,q)
(Vector Autoregressive Moving Average, Hall and Nicholls,
1979; Lutkepohl, 1993; Hipel and McLeod, 1994):

yt = ⌫ + A1yt�1 + A2yt�2 + ......... + Apyt�p + ut

+M1ut�1 +M2ut�2 + ... +Mqut�q (1)

where yt= {y1t , y2t , ..., ykt } is k-dimension vector of vari-
ables at the time t , ⌫= {⌫1, ⌫2, ..., ⌫k} is a constant vector,
ut= {u1t , u2t , ..., ukt } white-noise vector, and where

Ai =

��������

ai11ai12.........ai1k
ai21ai22.........ai2k
.....................

aik1aik2.........aikk

��������
i = 1, 2, ..., p,

Mi =

��������

mi11mi12.........mi1k
mi21mi22.........mi2k
.....................

mik1mik2.........mikk

��������
i = 1, 2, ..., q,

are respectively the Autoregressive and the Moving average
coefficient matrices. Since this general expression is usually
characterized by a high number of parameters and a complex
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of parameter linear combinations. The general class of
multivariate linear parametric model is called VARMA(p,q)
(Vector Autoregressive Moving Average, Hall and Nicholls,
1979; Lutkepohl, 1993; Hipel and McLeod, 1994):

yt = ⌫ + A1yt�1 + A2yt�2 + ......... + Apyt�p + ut

+M1ut�1 +M2ut�2 + ... +Mqut�q (1)

where yt= {y1t , y2t , ..., ykt } is k-dimension vector of vari-
ables at the time t , ⌫= {⌫1, ⌫2, ..., ⌫k} is a constant vector,
ut= {u1t , u2t , ..., ukt } white-noise vector, and where

Ai =

��������

ai11ai12.........ai1k
ai21ai22.........ai2k
.....................

aik1aik2.........aikk

��������
i = 1, 2, ..., p,

Mi =

��������

mi11mi12.........mi1k
mi21mi22.........mi2k
.....................

mik1mik2.........mikk

��������
i = 1, 2, ..., q,

are respectively the Autoregressive and the Moving average
coefficient matrices. Since this general expression is usually
characterized by a high number of parameters and a complex
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Pro: 

I learned a lot, several statistical methods and useful hydrological tools. 

I made a decent paper (36 citations). 

Reasons of the failure:  
I was young and I was in a group without deep scientific attitude;

I did not believed on myself and on my ideas;

I did not realised that the topic was good and that a paper is a starting 
point and not a final aim;

I did not have idea on what does it mean “communicate”, “share” , and 
“research goal”.
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Climate change, the Hurst phenomenon, and 
hydrological statistics 
 
 
DEMETRIS KOUTSOYIANNIS  
Department of Water Resources, School of Civil Engineering, National Technical University, 
Athens Heroon Polytechneiou 5, GR-157 80 Zographou, Greece  
dk@itia.ntua.gr 

 
Abstract The intensive research of recent years on climate change has led to the strong 
conclusion that climate has always, throughout the Earth’s history, changed irregularly 
on all time scales. Climate changes are closely related to the Hurst phenomenon, which 
has been detected in many long hydroclimatic time series and is stochastically equi-
valent to a simple scaling behaviour of climate variability over time scale. The climate 
variability, anthropogenic or natural, increases the uncertainty of the hydrological 
processes. It is shown that hydrological statistics, the branch of hydrology that deals 
with uncertainty, in its current state is not consistent with the varying character of 
climate. Typical statistics used in hydrology such as means, variances, cross- and auto-
correlations and Hurst coefficients, and the variability thereof, are revisited under the 
hypothesis of a varying climate following a simple scaling law, and new estimators are 
studied which, in many cases, differ dramatically from the classical ones. The new 
statistical framework is applied to real-world examples for typical tasks such as estima-
tion and hypothesis testing where, again, the results depart significantly from those of 
the classical statistics. 

Key words  climate change; Hurst phenomenon; hydrological persistence; hydrological 
statistics; hydrological estimation; hydrological prediction; statistical testing; uncertainty 

Changement climatique, phénomène de Hurst et statistiques 
hydrologiques 
Résumé La recherche intensive des années récentes sur le changement climatique a 
conduit à la conclusion sûre que le climat a toujours changé dans l’histoire de la  
planète, et ceci de manière irrégulière à toutes les échelles de temps. Les changements 
climatiques sont étroitement liés au phénomène de Hurst, qui a été détecté dans de 
nombreuses séries temporelles longues d’hydroclimatologie et qui est stochastique-
ment équivalent à un comportement d’échelle simple de la variabilité climatique sur 
l’échelle de temps. La variabilité climatique, qu’elle soit d’origine anthropique ou 
naturelle, augmente l’incertitude liée aux processus hydrologiques. Il est démontré que 
l’hydrologie statistique, la branche de l’hydrologie qui s’occupe de l’incertitude, n’est 
pas, dans son état actuel, consistante avec le caractère variable du climat. Quelques 
caractéristiques statistiques typiquement utilisées en hydrologie comme les moyennes, 
les variances, les auto-corrélations et corrélations croisées, et le coefficient de Hurst, 
ainsi que leur variabilité, sont ré-examinées sous l’hypothèse d’un climat variable 
suivant une loi d’échelle simple. De plus de nouveaux estimateurs, pour la plupart très 
différents des estimateurs classiques, sont étudiés. Le nouveau cadre statistique est 
appliqué à des exemples réels, pour des travaux typiques comme l’estimation et le test 
d’hypothèses, où, à nouveau, les résultats diffèrent significativement de ceux des 
statistiques classiques. 

Mots clefs  changement climatique; phénomène de Hurst; persistance hydrologique; statistiques 
hydrologiques; estimation hydrologique; prédiction hydrologique; tests statistiques; incertitude 

 
 

INTRODUCTION 
 

In the last two decades, climate change has been the subject of intensive scientific 
research, focusing on the understanding of factors, mechanisms and processes related 
to climate, and on modelling the climate at the global scale using the so-called 
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A special multivariate distribution that allows to create any multivariate distribution

Basic properties of copulas

This bottom-up approach to multivariate model building is
particularly useful in risk studies, where analysts usually have a
better idea about the marginal behavior of individual risk factors than
about their dependence structure.

The copula approach then allows them to combine more developed
marginal models with a variety of possible dependence models and to
investigate the sensitivity of risk to the dependence specification.

Since the copulas we are going to study are easily simulated, they
lend themselves to Monte Carlo studies.

This section is essentially based on McNeil et al. (2005, Chapter 5).

Copula

A d-dimensional copula is a c.d.f. on [0, 1]d with standard uniform marginal
c.d.f.s.

Ivan Kojadinovic (UPPA) Summer school on copulas Pieve Tesino, Italy, 2016 4 / 110
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General Definition

Technical definition of copula function

A first example

C.d.f. of the Frank copula for ✓ equal -10, 0.01 and 10.
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Asymmetric copula in multivariate flood frequency analysis

Salvatore Grimaldi a,*, Francesco Serinaldi b

a GEMINI Department, University of Tuscia, Via San Camillo De Lellis, 01100 Viterbo, Italy
b Department of Hydraulics, Transportations and Highways, University of Rome ‘‘La Sapienza’’, Via Eudossiana 18, 00184 Rome, Italy

Received 29 December 2004; received in revised form 17 September 2005; accepted 18 September 2005
Available online 7 November 2005

Abstract

The univariate flood frequency analysis is widely used in hydrological studies. Often only flood peak or flood volume is statis-
tically analyzed. For a more complete analysis the three main characteristics of a flood event i.e. peak, volume and duration are
required. To fully understand these variables and their relationships, a multivariate statistical approach is necessary. The main
aim of this paper is to define the trivariate probability density and cumulative distribution functions. When the joint distribution
is known, it is possible to define the bivariate distribution of volume and duration conditioned on the peak discharge. Consequently
volume–duration pairs, statistically linked to peak values, become available. The authors build trivariate joint distribution of flood
event variables using the fully nested or asymmetric Archimedean copula functions. They describe properties of this copula class and
perform extensive simulations to highlight differences with the well-known symmetric Archimedean copulas. They apply asymmetric
distributions to observed flood data and compare the results those obtained using distributions built with symmetric copula and the
standard Gumbel Logistic model.
! 2005 Elsevier Ltd. All rights reserved.

Keywords: Multivariate analysis; Fully nested copula; Asymmetric copula; Flood frequency analysis

1. Introduction

The main aim of the flood frequency analysis in
hydrology is to determine the relationship hydro-
graph—return period. Until now, most of the literature
investigated on flood peak univariate statistical proce-
dures. However, concerning hydraulic works above all
for flooding and inundation management, it is not
enough to know information about flood peak only,
but it is also useful to statistically value flood volume
and duration. In order to have this information, joint
cumulative distribution function (cdf) and probability
density function (pdf) of involved variables is needed,

and so multivariate statistical analyses have to be
applied.

In the last years, some multivariate approaches were
introduced in hydrological and environmental applica-
tions. At the beginning, the most used joint cdf was the
Gaussian one. It is widely studied in the literature and
easy to apply, but it has the obvious limit that the mar-
ginal distributions must be normal. Goel et al. [18] and
Yue [33] achieve this condition by preliminary data trans-
formation through Box–Cox!s formulas [2]. However,
these transformations, do not always ensure that the
recorded series follow a Gaussian distribution, and some-
times they provide significant distortions of sample sta-
tistical properties. Consequently, further bivariate
distributions with non-normal margins have been topic
of research. Bacchi et al. [1] apply Gumbel bivariate
exponential model [21], with exponential marginals.
Yue [35] suggests bivariate Gamma distribution in flood

0309-1708/$ - see front matter ! 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.advwatres.2005.09.005

* Corresponding author. Address: H2CU–Honors Center of Italian
Universities, University of Rome "La Sapienza!, Via Eudossiana 18,
00184 Rome, Italy. Tel.: +39 0761 357 326; fax: +39 0761 357 356.

E-mail address: salvatore.grimaldi@unitus.it (S. Grimaldi).

Advances in Water Resources 29 (2006) 1155–1167

www.elsevier.com/locate/advwatres
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is known, it is possible to define the bivariate distribution of volume and duration conditioned on the peak discharge. Consequently
volume–duration pairs, statistically linked to peak values, become available. The authors build trivariate joint distribution of flood
event variables using the fully nested or asymmetric Archimedean copula functions. They describe properties of this copula class and
perform extensive simulations to highlight differences with the well-known symmetric Archimedean copulas. They apply asymmetric
distributions to observed flood data and compare the results those obtained using distributions built with symmetric copula and the
standard Gumbel Logistic model.
! 2005 Elsevier Ltd. All rights reserved.

Keywords: Multivariate analysis; Fully nested copula; Asymmetric copula; Flood frequency analysis

1. Introduction

The main aim of the flood frequency analysis in
hydrology is to determine the relationship hydro-
graph—return period. Until now, most of the literature
investigated on flood peak univariate statistical proce-
dures. However, concerning hydraulic works above all
for flooding and inundation management, it is not
enough to know information about flood peak only,
but it is also useful to statistically value flood volume
and duration. In order to have this information, joint
cumulative distribution function (cdf) and probability
density function (pdf) of involved variables is needed,

and so multivariate statistical analyses have to be
applied.

In the last years, some multivariate approaches were
introduced in hydrological and environmental applica-
tions. At the beginning, the most used joint cdf was the
Gaussian one. It is widely studied in the literature and
easy to apply, but it has the obvious limit that the mar-
ginal distributions must be normal. Goel et al. [18] and
Yue [33] achieve this condition by preliminary data trans-
formation through Box–Cox!s formulas [2]. However,
these transformations, do not always ensure that the
recorded series follow a Gaussian distribution, and some-
times they provide significant distortions of sample sta-
tistical properties. Consequently, further bivariate
distributions with non-normal margins have been topic
of research. Bacchi et al. [1] apply Gumbel bivariate
exponential model [21], with exponential marginals.
Yue [35] suggests bivariate Gamma distribution in flood

0309-1708/$ - see front matter ! 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.advwatres.2005.09.005
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Advances in Water Resources 29 (2006) 1155–1167

www.elsevier.com/locate/advwatres

mating dependence between the two most correlated
variables.

Finally, since in some multivariate hydrological
analyses (see Section 4; [19]; Grimaldi and Serinaldi, in
review; [28]) it is useful to know the bivariate joint prob-

ability of two variables conditioned to third variable,
simulations of samples from conditional copulas are
described. Contrary to symmetric copulas, in the asym-
metric ones, changing conditioning variable, different
dependence structures are obtained. In order to

Fig. 1. Scatter plots of pairs (u1, u2), (u1, u3 ), (u2, u3 ) from triplets (u1, u2, u3 ) simulated by asymmetric Gumbel copula for several h1, h2. For h1 > h2

Eq. (4) is not a copula, so in lower triangular matrix there are not samples. For h1 = h2 asymmetric copula degenerate in symmetric one, then, in main
diagonal, symmetric samples are shown. For h1 < h2 Eq. (4) is a proper asymmetric copula, so in upper triangular matrix asymmetric samples are
shown.

S. Grimaldi, F. Serinaldi / Advances in Water Resources 29 (2006) 1155–1167 1159
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Design hyetographs analysis with 3-copula function 
 
 
SALVATORE GRIMALDI1,3 & FRANCESCO SERINALDI2 

1 GEMINI Department, University of Tuscia, Via San Camillo De Lellis, I-01100 Viterbo, Italy 
salvatore.grimaldi@unitus.it 

2 Department of Hydraulics, Transportations and Highways, University of Rome “La Sapienza”,  
Via Eudossiana 18, I-00184 Rome, Italy 

3 H2CU – Honors Center of Italian Universities, University of Rome “La Sapienza”, Via Eudossiana 18, 
I-00184 Rome, Italy 
 
Abstract A design hyetograph is a synthetic rainfall temporal pattern associated with a return period, 
usually determined by means of statistical analysis of observed mean rainfall intensity through 
intensity–duration–frequency (IDF) curves. Since the univariate approach is simple to apply and data 
availability is scarce, only the mean intensity of rainfall storm is usually analysed statistically. The other 
characteristics of rainfall storm, such as peak (maximum intensity), total depth and duration, are found 
indirectly throughout the several phases of hydrological analysis by suitable work assumptions. The aim 
of this paper is to apply a multivariate approach in order to analyse jointly observed data of critical 
depth, peak and total depth. In particular, bivariate analysis of peak–total depth conditioned on critical 
depth is developed using a 3-copula function to define the trivariate joint distribution. Following the 
proposed procedure, once design return period and related critical depth are selected, it is possible to 
determine—in a probabilistic way—peak and total depth, without advancing a priori hypotheses on the 
design hyetograph pattern. 
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Analyse de hyétogrammes de projet avec une fonction 3-copules 
Résumé Un hyétogramme de projet est un schéma temporel de pluie synthétique associé à une période 
de retour, généralement déterminé par l’analyse statistique d’intensités pluviométriques moyennes 
observées par l’intermédiaire de courbes intensité–durée–fréquence (IDF). L’approche univariée étant 
simple d’application et la disponibilité des données étant faible, seule l’intensité moyenne de 
l’événement pluvieux est généralement analysée statistiquement. Les autres caractéristiques de 
l’événement pluvieux, comme le pic (intensité maximale), la hauteur totale et la durée sont estimées 
indirectement au fil des étapes de l’analyse hydrologique grâce à des hypothèses de travail adéquates. 
L’objectif de cet article est d’appliquer une approche multivariée afin d’analyser conjointement les 
données observées de hauteur critique, pic et hauteur totale. En particulier, l’analyse bivariée pic-
hauteur totale conditionnée par la hauteur critique est développée en utilisant une fonction 3-copules 
pour définir la distribution conjointe trivariée. Selon la procédure proposée, il est possible, une fois la 
période de retour de projet et la hauteur critique correspondante fixées, de déterminer d’une manière 
probabiliste le pic et la hauteur cumulée, sans formuler d’hypothèses a priori sur le schéma temporel du 
hyétogramme de projet.  
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Introduction

Recent advances made in flood-risk mapping procedures claim a
more accurate definition of the hydrological input, namely, the
design hydrograph QðtÞ. These procedures include the introduction
of a detailed digital representation of the topographic surface (i.e.,
digital elevation models at fine space scale) and two-dimensional
hydraulic propagation schemes. Irrespective of the method used to
obtain the input of flow routing models (analysis of historical hy-
drographs or continuous and extensive precipitation simulation
coupled to rainfall-runoff transformation), the design hydrograph
should synthesize and preserve some physical properties (such
as peak discharge Qp, volume V , duration D, and hydrograph
shape) along with the statistical information about the event rarity,
which are fundamental for a proper floodplain delineation.

Several methods to construct a suitable design hydrograph were
proposed in the literature (see Yue et al. 2002; Merleau et al. 2007;
Pramanik et al. 2010 for comprehensive reviews). Yue et al. (2002)
recognized four types of approaches: the traditional unit hydro-
graph (TUH) method (e.g., Chow et al. 1988), the synthetic unit
hydrograph (SUH) method (e.g., Snyder, 1938), the typical hydro-
graph (TH) method (e.g., Sokolov et al. 1976), and the statistical
(S) method (e.g., Yue et al. 2002). As discussed by Merleau et al.
(2007), the simplicity of the TH approach makes it the most
commonly used method by practitioners. The TH hydrograph is

constructed by selecting the most representative flood hydrograph
(e.g., the one with the highest peak or the largest volume) and re-
scaling its abscissa (duration) and ordinates (discharge values) to
obtain the flood peak and/or the flood volume corresponding to
a given return period T . For instance, the TH hydrograph with
T-year peak discharge can be obtained by dividing the ordinates
of the representative hydrograph by the observed maximum peak
and then multiplying the resulting values by the T-year peak dis-
charge. In the TH approach, the shape of the design hydrograph
relies on a single observation and does not exploit the historical
information. Sauquet et al. (2008) suggested a more refined, analo-
gous approach developed on the basis of averaging the dimension-
less hydrographs QðtÞ=Qp centered around the peak position.
Merleau et al. (2007) introduced further improvements by defining
a yearly reference hydrograph through a functional data analysis
(e.g., Ramsay and Silverman 2005).

For practical applications, the analysis and construction of de-
sign hydrographs should be kept simple and possibly on the basis
of analytical relationships. In this respect, the S method introduced
by Yue et al. (2002) seems to be a suitable alternative. The approach
assumes that a flood hydrograph can be modeled by a beta density
function. As the support and area underlying the beta density are
equal to 1, the base of the original hydrograph is divided by its
duration, and each ordinate QðtÞ is multiplied by the ratio D=V .
The resulting dimensionless hydrograph can be considered to be
a density function with support [0,1], wherein the shape mean
and shape variance are the first two central moments. A beta
distribution can then be fitted to the dimensionless hydrograph
by applying the method of the moments. Subsequently, to return
to the original space, the base and ordinates of the fitted beta
density are multiplied by D and V=D, respectively. The main ad-
vantages of this approach are: (1) shape means and shape variances
computed on a sample of observed hydrographs synthesize the
information regarding the variability of the hydrograph shape,
which can be considered a random event, and (2) several configu-
rations of beta parameters and values of Q, V , and D can be used to
obtain the final synthetic design hydrograph (SDH). In particular, it
is possible to choose the parameters and QT , VT , and DT values
corresponding to a fixed return period T .
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of this paper is to apply a multivariate approach in order to analyse jointly observed data of critical 
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Recent advances made in flood-risk mapping procedures claim a
more accurate definition of the hydrological input, namely, the
design hydrograph QðtÞ. These procedures include the introduction
of a detailed digital representation of the topographic surface (i.e.,
digital elevation models at fine space scale) and two-dimensional
hydraulic propagation schemes. Irrespective of the method used to
obtain the input of flow routing models (analysis of historical hy-
drographs or continuous and extensive precipitation simulation
coupled to rainfall-runoff transformation), the design hydrograph
should synthesize and preserve some physical properties (such
as peak discharge Qp, volume V , duration D, and hydrograph
shape) along with the statistical information about the event rarity,
which are fundamental for a proper floodplain delineation.

Several methods to construct a suitable design hydrograph were
proposed in the literature (see Yue et al. 2002; Merleau et al. 2007;
Pramanik et al. 2010 for comprehensive reviews). Yue et al. (2002)
recognized four types of approaches: the traditional unit hydro-
graph (TUH) method (e.g., Chow et al. 1988), the synthetic unit
hydrograph (SUH) method (e.g., Snyder, 1938), the typical hydro-
graph (TH) method (e.g., Sokolov et al. 1976), and the statistical
(S) method (e.g., Yue et al. 2002). As discussed by Merleau et al.
(2007), the simplicity of the TH approach makes it the most
commonly used method by practitioners. The TH hydrograph is

constructed by selecting the most representative flood hydrograph
(e.g., the one with the highest peak or the largest volume) and re-
scaling its abscissa (duration) and ordinates (discharge values) to
obtain the flood peak and/or the flood volume corresponding to
a given return period T . For instance, the TH hydrograph with
T-year peak discharge can be obtained by dividing the ordinates
of the representative hydrograph by the observed maximum peak
and then multiplying the resulting values by the T-year peak dis-
charge. In the TH approach, the shape of the design hydrograph
relies on a single observation and does not exploit the historical
information. Sauquet et al. (2008) suggested a more refined, analo-
gous approach developed on the basis of averaging the dimension-
less hydrographs QðtÞ=Qp centered around the peak position.
Merleau et al. (2007) introduced further improvements by defining
a yearly reference hydrograph through a functional data analysis
(e.g., Ramsay and Silverman 2005).

For practical applications, the analysis and construction of de-
sign hydrographs should be kept simple and possibly on the basis
of analytical relationships. In this respect, the S method introduced
by Yue et al. (2002) seems to be a suitable alternative. The approach
assumes that a flood hydrograph can be modeled by a beta density
function. As the support and area underlying the beta density are
equal to 1, the base of the original hydrograph is divided by its
duration, and each ordinate QðtÞ is multiplied by the ratio D=V .
The resulting dimensionless hydrograph can be considered to be
a density function with support [0,1], wherein the shape mean
and shape variance are the first two central moments. A beta
distribution can then be fitted to the dimensionless hydrograph
by applying the method of the moments. Subsequently, to return
to the original space, the base and ordinates of the fitted beta
density are multiplied by D and V=D, respectively. The main ad-
vantages of this approach are: (1) shape means and shape variances
computed on a sample of observed hydrographs synthesize the
information regarding the variability of the hydrograph shape,
which can be considered a random event, and (2) several configu-
rations of beta parameters and values of Q, V , and D can be used to
obtain the final synthetic design hydrograph (SDH). In particular, it
is possible to choose the parameters and QT , VT , and DT values
corresponding to a fixed return period T .
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Multivariate return periods in hydrology: a critical and practical
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Abstract. Most of the hydrological and hydraulic studies
refer to the notion of a return period to quantify design
variables. When dealing with multiple design variables, the
well-known univariate statistical analysis is no longer satis-
factory, and several issues challenge the practitioner. How
should one incorporate the dependence between variables?
How should a multivariate return period be defined and ap-
plied in order to yield a proper design event? In this study
an overview of the state of the art for estimating multivari-
ate design events is given and the different approaches are
compared. The construction of multivariate distribution func-
tions is done through the use of copulas, given their practi-
cality in multivariate frequency analyses and their ability to
model numerous types of dependence structures in a flexi-
ble way. A synthetic case study is used to generate a large
data set of simulated discharges that is used for illustrat-
ing the effect of different modelling choices on the design
events. Based on different uni- and multivariate approaches,
the design hydrograph characteristics of a 3-D phenomenon
composed of annual maximum peak discharge, its volume,
and duration are derived. These approaches are based on
regression analysis, bivariate conditional distributions, bi-
variate joint distributions and Kendall distribution functions,

highlighting theoretical and practical issues of multivariate
frequency analysis. Also an ensemble-based approach is pre-
sented. For a given design return period, the approach chosen
clearly affects the calculated design event, and much atten-
tion should be given to the choice of the approach used as
this depends on the real-world problem at hand.

1 Introduction

A very important objective of hydrological studies is to pro-
vide design variables for diverse engineering projects. Re-
cently, there has been an increasing interest in, and need for,
simultaneously considering multiple design variables, which
are likely to be associated with each other. In hydrology
and hydraulics, several applications including sewer systems,
dams and flood risk mapping require the selection of storm
or hydrograph attributes with a predefined return period.
Standard hydrological design approaches are mostly based

on well-established univariate frequency analysis methods.
Notwithstanding this, approaches to describe hydrological
phenomena involving multiple variables have recently been
proposed, aiding the practitioners in estimating multivariate
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Abstract A design hyetograph is a synthetic rainfall temporal pattern associated with a return period, 
usually determined by means of statistical analysis of observed mean rainfall intensity through 
intensity–duration–frequency (IDF) curves. Since the univariate approach is simple to apply and data 
availability is scarce, only the mean intensity of rainfall storm is usually analysed statistically. The other 
characteristics of rainfall storm, such as peak (maximum intensity), total depth and duration, are found 
indirectly throughout the several phases of hydrological analysis by suitable work assumptions. The aim 
of this paper is to apply a multivariate approach in order to analyse jointly observed data of critical 
depth, peak and total depth. In particular, bivariate analysis of peak–total depth conditioned on critical 
depth is developed using a 3-copula function to define the trivariate joint distribution. Following the 
proposed procedure, once design return period and related critical depth are selected, it is possible to 
determine—in a probabilistic way—peak and total depth, without advancing a priori hypotheses on the 
design hyetograph pattern. 
Key words copula function; design hyetograph; intensity–duration–frequency; multivariate analysis; rainfall pattern 

Analyse de hyétogrammes de projet avec une fonction 3-copules 
Résumé Un hyétogramme de projet est un schéma temporel de pluie synthétique associé à une période 
de retour, généralement déterminé par l’analyse statistique d’intensités pluviométriques moyennes 
observées par l’intermédiaire de courbes intensité–durée–fréquence (IDF). L’approche univariée étant 
simple d’application et la disponibilité des données étant faible, seule l’intensité moyenne de 
l’événement pluvieux est généralement analysée statistiquement. Les autres caractéristiques de 
l’événement pluvieux, comme le pic (intensité maximale), la hauteur totale et la durée sont estimées 
indirectement au fil des étapes de l’analyse hydrologique grâce à des hypothèses de travail adéquates. 
L’objectif de cet article est d’appliquer une approche multivariée afin d’analyser conjointement les 
données observées de hauteur critique, pic et hauteur totale. En particulier, l’analyse bivariée pic-
hauteur totale conditionnée par la hauteur critique est développée en utilisant une fonction 3-copules 
pour définir la distribution conjointe trivariée. Selon la procédure proposée, il est possible, une fois la 
période de retour de projet et la hauteur critique correspondante fixées, de déterminer d’une manière 
probabiliste le pic et la hauteur cumulée, sans formuler d’hypothèses a priori sur le schéma temporel du 
hyétogramme de projet.  
Mots clefs  fonction copule; hyétogramme de projet; intensité–durée–fréquence; analyse multivariée; schéma de pluie 

 
 
INTRODUCTION 
 
In the design phase, data availability is rarely suitable to perform a careful design 
discharge estimation. Hence, statistical analyses on rainfall information are performed, 
defining the design synthetic hyetograph to be applied to rainfall–runoff models. 
 The event critical depth (Hc) for a specified duration and design hyetograph are the 
hydrological quantities of interest related to rainfall information. The first is the 
maximum amount per area unit that can fall in a specified time interval with defined 
probability given by intensity–duration–frequency (IDF) curves (Chow et al., 1988). 
These curves are defined by a univariate statistical analysis and show the relationship 
between mean critical intensity and duration for an assigned value of return period. 
The second, the design hyetograph, is the temporal pattern of rainfall depth. 
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Synthetic Design Hydrographs Based on Distribution
Functions with Finite Support

Francesco Serinaldi1 and Salvatore Grimaldi2

Abstract: The primary characteristics that influence the potential of defining a synthetic design hydrograph (SDH), are the hydrograph
shape, peak discharge (Qp), volume (V), and duration (D). This paper studies the advantages and shortcomings of using simple distribution
functions with finite support (namely, beta and generalized standard two-sided power distributions) to represent and synthesize direct runoff
hydrographs. The relationships among Qp, V , D, and distribution parameters are explored on a few flood events selected by a recursive digital
filter algorithm and an overthreshold approach. The results obtained indicate that the adopted procedure provides a good compromise
between simplicity and accuracy for building SDHs with two assigned flood characteristics (e.g., Qp and V) and a defined shape.
DOI: 10.1061/(ASCE)HE.1943-5584.0000339. © 2011 American Society of Civil Engineers.

CE Database subject headings: Hydrographs; Flood frequency; Base flow; Design.

Author keywords: Design hydrograph; Flood frequency analysis; Distributions with finite support; Baseflow separation.

Introduction

Recent advances made in flood-risk mapping procedures claim a
more accurate definition of the hydrological input, namely, the
design hydrograph QðtÞ. These procedures include the introduction
of a detailed digital representation of the topographic surface (i.e.,
digital elevation models at fine space scale) and two-dimensional
hydraulic propagation schemes. Irrespective of the method used to
obtain the input of flow routing models (analysis of historical hy-
drographs or continuous and extensive precipitation simulation
coupled to rainfall-runoff transformation), the design hydrograph
should synthesize and preserve some physical properties (such
as peak discharge Qp, volume V , duration D, and hydrograph
shape) along with the statistical information about the event rarity,
which are fundamental for a proper floodplain delineation.

Several methods to construct a suitable design hydrograph were
proposed in the literature (see Yue et al. 2002; Merleau et al. 2007;
Pramanik et al. 2010 for comprehensive reviews). Yue et al. (2002)
recognized four types of approaches: the traditional unit hydro-
graph (TUH) method (e.g., Chow et al. 1988), the synthetic unit
hydrograph (SUH) method (e.g., Snyder, 1938), the typical hydro-
graph (TH) method (e.g., Sokolov et al. 1976), and the statistical
(S) method (e.g., Yue et al. 2002). As discussed by Merleau et al.
(2007), the simplicity of the TH approach makes it the most
commonly used method by practitioners. The TH hydrograph is

constructed by selecting the most representative flood hydrograph
(e.g., the one with the highest peak or the largest volume) and re-
scaling its abscissa (duration) and ordinates (discharge values) to
obtain the flood peak and/or the flood volume corresponding to
a given return period T . For instance, the TH hydrograph with
T-year peak discharge can be obtained by dividing the ordinates
of the representative hydrograph by the observed maximum peak
and then multiplying the resulting values by the T-year peak dis-
charge. In the TH approach, the shape of the design hydrograph
relies on a single observation and does not exploit the historical
information. Sauquet et al. (2008) suggested a more refined, analo-
gous approach developed on the basis of averaging the dimension-
less hydrographs QðtÞ=Qp centered around the peak position.
Merleau et al. (2007) introduced further improvements by defining
a yearly reference hydrograph through a functional data analysis
(e.g., Ramsay and Silverman 2005).

For practical applications, the analysis and construction of de-
sign hydrographs should be kept simple and possibly on the basis
of analytical relationships. In this respect, the S method introduced
by Yue et al. (2002) seems to be a suitable alternative. The approach
assumes that a flood hydrograph can be modeled by a beta density
function. As the support and area underlying the beta density are
equal to 1, the base of the original hydrograph is divided by its
duration, and each ordinate QðtÞ is multiplied by the ratio D=V .
The resulting dimensionless hydrograph can be considered to be
a density function with support [0,1], wherein the shape mean
and shape variance are the first two central moments. A beta
distribution can then be fitted to the dimensionless hydrograph
by applying the method of the moments. Subsequently, to return
to the original space, the base and ordinates of the fitted beta
density are multiplied by D and V=D, respectively. The main ad-
vantages of this approach are: (1) shape means and shape variances
computed on a sample of observed hydrographs synthesize the
information regarding the variability of the hydrograph shape,
which can be considered a random event, and (2) several configu-
rations of beta parameters and values of Q, V , and D can be used to
obtain the final synthetic design hydrograph (SDH). In particular, it
is possible to choose the parameters and QT , VT , and DT values
corresponding to a fixed return period T .

1Dipartimento di Geologia e Ingegneria Meccanica, Naturalistica
e Idraulica per il Territorio—GEMINI, Università della Tuscia,
Via S. Camillo de Lellis snc, 01100 Viterbo, Italy (corresponding author).
E-mail: f.serinaldi@unitus.it

2Dipartimento di Geologia e Ingegneria Meccanica, Naturalistica e
Idraulica per il Territorio—GEMINI, Università della Tuscia, Via S. Camil-
lo de Lellis snc, 01100 Viterbo, Italy; also Honors Center of Italian Uni-
versities-H2CU, “Sapienza”Università di Roma, Via Eudossiana 18, 00184
Rome, Italy.
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Multivariate return periods in hydrology: a critical and practical
review focusing on synthetic design hydrograph estimation
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Abstract. Most of the hydrological and hydraulic studies
refer to the notion of a return period to quantify design
variables. When dealing with multiple design variables, the
well-known univariate statistical analysis is no longer satis-
factory, and several issues challenge the practitioner. How
should one incorporate the dependence between variables?
How should a multivariate return period be defined and ap-
plied in order to yield a proper design event? In this study
an overview of the state of the art for estimating multivari-
ate design events is given and the different approaches are
compared. The construction of multivariate distribution func-
tions is done through the use of copulas, given their practi-
cality in multivariate frequency analyses and their ability to
model numerous types of dependence structures in a flexi-
ble way. A synthetic case study is used to generate a large
data set of simulated discharges that is used for illustrat-
ing the effect of different modelling choices on the design
events. Based on different uni- and multivariate approaches,
the design hydrograph characteristics of a 3-D phenomenon
composed of annual maximum peak discharge, its volume,
and duration are derived. These approaches are based on
regression analysis, bivariate conditional distributions, bi-
variate joint distributions and Kendall distribution functions,

highlighting theoretical and practical issues of multivariate
frequency analysis. Also an ensemble-based approach is pre-
sented. For a given design return period, the approach chosen
clearly affects the calculated design event, and much atten-
tion should be given to the choice of the approach used as
this depends on the real-world problem at hand.

1 Introduction

A very important objective of hydrological studies is to pro-
vide design variables for diverse engineering projects. Re-
cently, there has been an increasing interest in, and need for,
simultaneously considering multiple design variables, which
are likely to be associated with each other. In hydrology
and hydraulics, several applications including sewer systems,
dams and flood risk mapping require the selection of storm
or hydrograph attributes with a predefined return period.
Standard hydrological design approaches are mostly based

on well-established univariate frequency analysis methods.
Notwithstanding this, approaches to describe hydrological
phenomena involving multiple variables have recently been
proposed, aiding the practitioners in estimating multivariate

Published by Copernicus Publications on behalf of the European Geosciences Union.
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a b s t r a c t 
The similarity of catchment responses is a fundamental issue for regionalization studies, and hydrograph 
attributes (i.e., Discharge Peak, Volume, and Duration) can reveal the signature and the synthesis of lo- 
cal scale processes. Here, we focus the attention on the “compatibility” between catchments, viz. on the 
possibility to transfer, from one catchment to another, the information about the dependence structures 
at play. In particular, we statistically investigate the possible relationships between the features of dif- 
ferent Basin Scenarios (characterized via the Concentration Time T c and the Curve Number CN ) and the 
corresponding dependence structures ruling the joint statistics of Discharge, Volume, and Duration. Given 
a large set of synthetic runoff time series, generated via a rainfall-runoff model, recent non-parametric 
tests, based on empirical copulas, are used to compare the dependence structures associated with dif- 
ferent soil uses and concentration times. The results indicate how the hydrological properties may affect 
the dependence structure. The outcomes of the investigation could be particularly effective in two practi- 
cal applications: (1) for determining the degree of compatibility of the dependence structures associated 
with different basin scenarios, and (2) for enriching scanty data bases, in order to improve the estimation 
of multivariate copulas. 

© 2016 Elsevier Ltd. All rights reserved. 
1. Introduction 

The concept of “hydrologic similarity”, or “catchment sim- 
ilarity”, stems from the idea that, despite the complexity of 
catchment response due to heterogeneities and different mech- 
anisms involved, it exists a certain level of organization and 
predictability of the catchment behavior. This concept allows to 
transfer the information from gauged to ungauged basins, and 
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infer the hydrologic behavior in basins where no measurements 
are available (a common situation in hydrological practice). 

The identification of hydrologic similarity requires a catch- 
ment classification [43] , and consequently a catchment pooling, i.e. 
grouping basins which are considered hydrologically similar: this 
operation is not an easy task [1] . In some cases, it results in a ge- 
ographic region (also known as homogeneous region), in others in 
a cluster of basins (also known as region of influence), which has 
not necessarily the spatial contiguity, and may raise problems of 
spatial extrapolation when a leopard skin spatial distribution is ob- 
tained [44] . 

In literature, the hydrologic similarity has been considered to 
gain insights into the processes of runoff generation (see, e.g., 
[6,7,41,56] ), and to group together catchments for regional flood 
frequency analysis, and low-flow regionalization techniques [39] . 

In the last decades, several techniques have been developed 
to provide a catchment classification and investigate the hydro- 
logic similarity. Some of these are based on statistical simple or 
multiple scaling [12,26–28,56] . Others have used the seasonality 
of discharges, through indices like Pardé or Burn ones [8,9,45,50] , 
or introducing a seasonality histogram [40] , or metrics based on 

http://dx.doi.org/10.1016/j.advwatres.2016.02.003 
0309-1708/© 2016 Elsevier Ltd. All rights reserved. 
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Communication is not to publish a paper
Communication is not to publish an excellent paper

Publications are a necessary condition but not sufficient

Be aware that, nowadays, we have:
around 40 Journals related to hydrology
every days around 50 papers are published on hydrology topics

So, our publication is a drop in the sea. 

This is only the starting point of an effective communication and 
divulgation.

Concerning Statistical Hydrology the situation is even worse since 
typically our papers, and the topic in general, are considered boring and 
not easy to understand.



STAHY 2019 
WORKSHOP 

October, 19-20, 2019 
Nanjing 

EARLY CAREER COURSE 

 

My experience in communicating statistical hydrology research



STAHY 2019 
WORKSHOP 

October, 19-20, 2019 
Nanjing 

EARLY CAREER COURSE 

 

My experience in communicating statistical hydrology research

My ingredients for an effective communication either to the scientific 
and professional community:


Identify a clear aim in your research that combines theoretical, 
methodological and, above all, practical implications;

A long term practical aim should be visible; 

MEET the community.



STAHY 2019 
WORKSHOP 

October, 19-20, 2019 
Nanjing 

EARLY CAREER COURSE 

 

My experience in communicating statistical hydrology research

My ingredients for an effective communication either to the scientific 
and professional community:


Identify a clear aim in your research that combines theoretical, 
methodological and, above all, practical implications;

A long term practical aim should be visible; 

MEET the community.

MEET the community is crucial:

read papers;

review papers;

participate to the topical workshops;

participate to short courses;

share your research. 



STAHY 2019 
WORKSHOP 

October, 19-20, 2019 
Nanjing 

EARLY CAREER COURSE 
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My ingredients for an effective communication either to the scientific 
and professional community:


Identify a clear aim in your research that combines theoretical, 
methodological and, above all, practical implications;

A long term practical aim should be visible; 

MEET the community.

MEET the community is crucial:

read papers;

review papers;

participate to the topical workshops;

participate to short courses;

share your research. 

Read and learn are crucial for your culture and for 
understanding the community needs
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For communicating to the professional community we should keep in mind 
some points:

The theoretical and methodological gap is immense (I could be biased by 
my experience in Italy).

A stakeholder is not able to read scientific journals (too advanced).

Once you have completed a series of publications you could think that 
your research topic is closed, however, it is not!

At that moment the technological transfer should start.
Translating your research in favor to the professional community it is 

pivotal for a successful communication of your research.

The real impact factor of your research is not given by ISI-Web but by 
the professional community!!!!
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My experience in communicating statistical hydrology research

How can we interact with the professional community?


through related Associations, giving seminars, short courses

providing them user-friendly software packages

translating and simplifying complex methodologies

clearly identifying the added value of your methodologies.

You could feel to waste time….but it is not true! 

Of course these are long term activities appropriate when you 
complete a research topic. 

It is not a PhD, of PostDoc activity however it is useful to know 
it in advance to have a VISION.
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My experience in communicating statistical hydrology research
Giornata di Studio:

Metodi 
Statistici e Matematici

per l’Analisi
delle

Serie Idrologiche

A cura di
D. Piccolo & L. Ubertini

CNR-GNDCI
Pubblicazione n. 2812 

Roma, 9 Maggio 2003

Being involved in organisation of topical national 
conferences 

Proposing and pro-actively organising sessions 
in international conferences (EGU, AGU, IAHS)

Organising Short courses
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My experience in communicating statistical hydrology research

➡ Short Courses on Copula Function

SHORT COURSE "Copula Function: Theory and Practice"

Columbia University + NYU-Poly + PACE University,  New York, 2009 

SHORT COURSE "Copula Function: Theory and Practice" - 2nd Edition, 
Università degli Studi della Tuscia, Viterbo, Italiy, 2011

SHORT COURSE "Copula for hydrological application"  2013 
Leibniz University Hannover, Institute of Water Resources Management, Germany, Hannover

SHORT COURSE  "Copula for hydrology and climate applications"  
The Henry Samueli School of Engineering, University of California Irvine, USA, 2014


SHORT COURSE  "Copula for hydrology and environmental science"  
Université de Pau et des Pays de l'Adour, Pau, France. 2015


SHORT COURSE  "Copula for hydrology and environmental science"  
Università degli Studi della Tuscia, Pieve Tesino, Italy. 2016

SHORT COURSE  "Copula for hydrology and environmental science" 

Hohai University, Nanjing, China. 2017
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Working Group created in 2007

Capri 2008

Taormina 2010

Tunis 2012

Kos 2013

2011 - from STAHY to ICSH

Abu Dhabi 2014

My experience in communicating statistical hydrology research

ICSH-STAHY Workshop 2015 Addis Ababa, Ethiopia 
ICSH-STAHY Workshop 2016 Quebec City, Canada 
ICSH-STAHY Workshop 2017 Warsaw, Poland 
ICSH-STAHY Workshop 2018 Adelaide, South Australia
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GRAZIE

謝謝

谢谢


